A study of wavelet denoising on hyperspectral reflectance data, specifically the red edge position (REP) and its first derivative is presented in this paper. A synthetic data set was created using a sigmoid to simulate the red edge feature for this study. The sigmoid is injected with Gaussian white noise to simulate noisy reflectance data from handheld spectroradiometers. The use of synthetic data enables better quantification and statistical study of the effects of wavelet denoising on the features of hyperspectral data, specifically the REP. The simulation study will help to identify the most suitable wavelet parameters for denoising and represents the applicability of the wavelet-based denoising procedure in hyperspectral sensing for vegetation. The suitability of the thresholding rules and mother wavelets used in wavelet denoising is evaluated by comparing the denoised sigmoid function with the clean sigmoid, in terms of the shift in the inflection point meant to represent the REP, and also the overall change in the denoised signal compared with the clean one. The VisuShrink soft threshold was used with rescaling based on the noise estimate, in conjunction with wavelets of the Daubechies, Symlet and Coiflet families. It was found that for the VisuShrink threshold with single level noise estimate rescaling, the Daubechies 9 and Symlet 8 wavelets produced the least distortion in the location of sigmoid inflection point and the overall curve. The selected mother wavelets were used to denoise oil palm reflectance data to enable determination of the red edge position by locating the peak of the first derivative.
INTRODUCTION
The "red edge" refers to the region of sudden change in reflectance of chlorophyll in the near infrared range [1] . Vegetation absorbs most of the light in the visible part of the spectrum but is strongly reflective at wavelengths between 680 to 1000 nm. The change can be very abrupt, from 5% to 50% reflectance between 680 nm to 730 nm. The red edge position (REP) is indicative of the health of the plant and effects of the environment such as water stress, and has also been used to differentiate plant species [2] . A sick plant may have the REP shifted left to the visible spectrum by ~10nm. Derivative analysis is often used to locate the red edge, the first derivative of that feature usually producing a narrow bell-like curve whose peak represents the place of most rapid change in the reflectance spectrum [3] . There are basically five commonly used methods for this purpose: i) taking the wavelength at which the spectral derivative is at its maximum wavelength value [1] ; ii) linear interpolation using a straight line between the shoulder and the red edge minimum [4] ; iii) Inverse Gaussian fitting [5] ; iv) three-point Lagrangian of the derivative [1] ; and v) polynomial curve fitting technique [6] . [7] noted that the results for REP may diverge depending on the method used and the wavelength parameters inputted, citing that [1] found the same chlorophyll concentrations produced different REP values when evaluating the different methods for determining REP. [8] noted that as the derivative may be noisy, several local maxima may be present near the peak. Methods such as Inverse Gaussian fitting and polynomial interpolation are intended to overcome the non-smoothness by having the researcher locate the maximum on the smooth fitted or interpolated curve instead. [8] acknowledged the complexity of using the Inverse Gaussian to estimate the REP. Nevertheless this and polynomial curve fitting were chosen for their work in studying vegetation indices using denoised hyperspectral data cubes. The simplest method to estimate the REP is by using the spectral derivative at its maximum wavelength value technique [8] , which will be adopted in this paper. Furthermore, our method combines the use of this technique and wavelet denoising in order to detect the REP.
The Inverse Gaussian, as used by remote sensing researchers is actually a Gaussian curve, with parameters adjusted to fit the first derivative of the red edge. The equation is given as:
where ρ 0 is the red edge reflectance minimum, ρ s is the red edge shoulder reflectance, λ 0 is the wavelength of the red edge reflectance minimum and σ controls the width of the red edge.
The cumulative Inverse Gaussian function takes the form of a sigmoid.
Derivative analysis, taking the first, second or higher derivatives of hyperspectral data is widely used in many fields. It has been used to decorrelate soil from vegetation in satellite imaging data [9] , determine oceanic chlorophyll concentrations [10] , distinguish conifer species with the aid of artificial neural networks [11] and determine plant vigour and water stress [6] by locating the REP. Derivative analysis is very sensitive to the presence of high frequency noise, for the derivative operation exaggerates any rapidly changing components of the data [12] .
This noise results partly from the limitations of the field spectroradiometer, which is designed to operate within a certain range of wavelengths but is increasingly noisy and inefficient towards the ends of the operating range. Multiple reflections and atmospheric conditions also increase the noise, but this is not significant for a handheld spectroradiometer at short distances. Additionally, low cost devices might have significantly lower signal to noise ratio and show significant levels of noise [13] .
The noise from charge coupled devices (CCD) is characterized by the Poisson distribution, due to the nature of processes such as detecting discrete photons [14] . In a spectroradiometer, the light is split into different bands using a diffraction grating onto a linear CCD, which measures the intensity of each band (essentially counting the photons of different wavelengths). For very high counts, however, the Poisson distribution approximates the Gaussian distribution.
Denoising techniques based on the wavelet transform, also known as wavelet shrinkage, has been proposed to eliminate noise in various types of signals, by applying the transform and zeroing the coefficients below a certain threshold value. For several levels of decomposition, where the wavelet transform is performed at the smallest scale, the detail coefficients consist largely of noise. At larger scales the larger detail coefficients encode signals. The noise coefficients would have lower amplitude than the coefficients corresponding to the feature being studied. Additionally, the coefficients remaining after the thresholding operation may be reduced by the threshold value as well; this is known as soft thresholding. It has been shown by [15] that by using the appropriate threshold value, soft thresholding results in the optimum denoising with the least distortion in the signal.
In their work on denoising vegetation reflectance spectra, [16] indicated that compared to other smoothers such as Savitzky-Golay, median filter, the mean filter, and the cubic spline smoother, denoising by wavelet shrinkage had certain desirable characteristics. The mean filter lowers the reflectance values, while the median filter broadens features such as the red reflectance peak. The Savitzky-Golay filter shifts the wavelength position of the red reflectance peak. They found that the Discrete Wavelet Transform (DWT) implemented using the Mallat Algorithm shifts the wavelength position of features and propose the use the Invariant Discrete Wavelet Transform. However, only a limited number of mother wavelets were investigated by using very basic threshold rules (discarding the detail coefficients of the first two levels of decomposition) and a visual subjective evaluation of the results. It is possible that with different selection of parameters, the shift in position of features can be minimized.
The Mallat Algorithm is widely used to implement the DWT [17] utilizing dyadic scales. It avoids the computational expense of direct convolution by which the continuous wavelet transform is implemented. A high pass and low pass filter is created using the wavelet and its scaling function. The signal is decomposed using the high and low pass filters and then downsampled by half to obtain the detail and approximation coefficients, for a single stage of wavelet decomposition. This process is repeated on the resulting approximation coefficients for further levels of decomposition. The downsampling stage is intended to implement the wavelet analysis with the wavelet at a larger scale at the next level of decomposition: the wavelet remains at the same length, but to an array of data that has been halved in length, it looks twice as big as before. Figure 1 shows two levels of wavelet decomposition using the Mallat Algorithm. 
Downsampling
In this work it is proposed to use wavelet denoising techniques to smooth the vegetation reflectance spectrum, before performing the first derivative and determining the red edge position. With the proper choice of wavelet parameters, the signal may be sufficiently smoothed that locating the peak of the first derivative of the red edge yields the REP.
METHODOLOGY

Synthetic Vegetation Reflectance Signal
For this study, a synthetic vegetation reflectance signal was created using a mathematical sigmoid function which produces an s-shaped curve similar to the vegetation reflectance red edge feature. The form of the parameterized sigmoid function is:
where λ is the wavelength in nanometers, λ REP is the wavelength where the REP is located, and w is the approximate width of the base of the first derivative of the sigmoid. The values can be selected to give the REP at 730 nm, with the approximate width of the base of the first derivative around 150nm. Noise can be added to this sigmoid, and the result of the denoising operation can be compared to a clean sigmoid, making it a suitable control for this study. Taking the first derivative and locating its maximum enables the inflection point to be identified. This method is not very different from using the Inverse Gaussian to simulate the red edge. The Inverse Gaussian method uses a slightly altered Gaussian function, which is similar in shape to the first derivative of the red edge. Integration of the Inverse Gaussian with respect to wavelength produces a sigmoid curve.
Noise Modeling
Charge Coupled Devices (CCD) noise is known in astronomical circles as shot noise, and is characterized by the Poisson distribution. For large counts such as photons in a CCD, the Poisson distribution approximates the Normal or Gaussian distribution. The normal distribution has been successfully used by many researchers to model additive noise in systems with very good signal to noise ratio. [18] used it to model the additive noise for electrocardiogram (ECG) signals, in order to find the optimum wavelet parameters for denoising.
In order to find the optimal mother wavelet, [18] calculated the correlation coefficient of the ECG signal they were studying and the wavelet scaling function for various mother wavelets. Since the wavelet detail coefficients generated by the wavelet function embodies noise, the wavelet approximation coefficients generated by the wavelet scaling function represent more of the signal. Therefore a high correlation coefficient which is a measure of the similarity, between the wavelet scaling function and the signal indicates the suitablility of the mother wavelet. This approach was not found to be suitable for determining the optimal mother wavelet for denoising vegetation reflectance spectra, since there exists no mother wavelet whose scaling function is similar to the red edge feature of the vegetation reflectance spectrum.
Thresholding
A threshold is applied to the detail coefficients, setting all coefficients below the threshold value to zero. For soft thresholding, the remaining coefficients are also reduced by the threshold value, while for hard thresholding, the remaining coefficients are left alone. Thresholding is usually performed on the detail coefficients in four to five levels of decomposition depending on the length of data and the mother wavelet being used.
The Universal Threshold, also known as Fixed Form Threshold, was proposed by [19] . It is given by the formula:
where N is the length of the original data, and ε is the threshold rescaling factor, which is equal to the noise estimate of the first level of decomposition detail coefficients. Another variant of the Fixed Form Threshold calculates the standard deviation of the detail coefficients at each level of decomposition, adjusting the threshold value for each level. The two variants of Fixed Form Thresholding are called single level noise (sln) estimate and multi level noise (mln) estimate threshold rescaling.
Soft thresholding refers to the reduction of the remaining detail coefficients by the threshold value, after the threshold has been applied to eliminate the noise coefficients. Hard thresholding does not modify the remaining detail coefficients. It was proven by [15] that soft thresholding provides the best denoising solution with the least distortion. The signal is reconstructed using the inverse discrete wavelet transform, without the noise.
In this paper, the most suitable threshold settings (single level noise estimate (sln) or multiple level noise estimate (mln)) and mother wavelets are investigated to find the best parameters for denoising a signal. The universal or Fixed Form threshold is used to calculate the threshold value, and soft thresholding is used.
A sigmoid function is used to simulate the red edge feature of a vegetation reflectance spectrum. Gaussian white noise with zero mean and standard deviations of 0.1, 0.25, and 0.5 are added to create a noisy signal to test the wavelet denoising parameters. For each noise setting, the following parameters are used for denoising:
1. Threshold rescaling factor, using sln or mln 4. Level of decomposition. For the 800 point data length of the simulated data, the maximum level of decomposition is nine. Five levels of decomposition are used for the thresholding of the detail coefficients. This is based on the recommendation to use mid level decomposition level in wavelet denoising by [20] .
For each noise level and set of wavelet denoising parameters, the process is repeated 50 times, a new set of Gaussian noise being generated with the same distribution for every iteration. The performance of the denoising parameters is measured by:
1. REP, determined by the peak of the first derivative of the denoised signal. This is compared with the position obtained from a clean sigmoid created with the same parameters.
2. Root Mean Square Error (RMSE) of the denoised signal compared to the clean sigmoid, measuring the overall shape of the denoised signal. Figure 2a shows the sigmoid used to simulate the vegetation reflectance spectrum red edge feature, mimicking the huge increase in the value in vegetation reflectance in the red to infrared region of the spectrum. The "bump" feature in the green region of real vegetation spectra is omitted, as the study focuses on denoising the red edge feature while minimizing shift. The inflection point of the sigmoid was set to 730 nm and can be located by determining the peak of the first derivative, as shown in Fig. 2b. (a) (b) Fig. 2. a) The sigmoid function used to simulate the vegetation reflectance red edge feature. b) The first derivative of the sigmoid, with no additive noise, used as a control for testing wavelet denoising. Figure 3a shows the sigmoid with Gaussian white noise of standard deviation 0.25 and zero mean added. The addition is not very discernible at this scale, being only 0.25% of the signal. In actual spectrometer data, the noise amplitude in the central regions of the spectrum is quite small. In Fig. 3b , the results of performing the first derivative on the sigmoid with added noise is shown. The derivative operation emphasizes the rapidly changing noise, making it more apparent, and complicating the location of the inflection point. Figure 3b demonstrates that the presence high frequency noise can complicate the determination of the inflection point. Therefore before derivative analysis can be performed to locate the inflection point, some denoising or smoothing procedure has to be performed. The wavelet denoising parameters can be evaluated as the location of the actual inflection point is known from a clean signal.
Real-world vegetation reflectance signal
The optimal parameters determined from the simulation study will then will be applied on measured vegetation spectrum to assess it applicability in a real world situation. The spectrum used in this assessment was measured using a GER1500 handheld spectroradiometer from an oil palm leave sample. Details on the spectrum are presented in section 3.4.
RESULTS AND DISCUSSIONS
Wavelet denoising has been performed on a simulated vegetation reflectance spectrum contaminated with Additive White Gaussian Noise (AWGN) with variances 0.1, 0.25 and 0.5. For each noise level, the combinations of wavelet denoising parameters were evaluated by studying the position of the inflection point of the sigmoid and the root mean square error of the overall sigmoid curve. At each noise level and for each combination of wavelet denoising parameters, the simulation was performed for 30 iterations, to enable the calculation of the root mean square error of the inflection point. The mean of the root mean square error of the overall curve was also calculated, by averaging the RMSE of the curve over 30 iterations. Figure 4a shows the results of denoising using the Daubechies family of wavelets of degree 4 to 30, using soft thresholding with Universal Threshold and sln, measuring the RMSE of the reflectance spectrum and the RMSE of the REP. The signal was injected with three levels of Gaussian white noise with zero mean and standard deviations of 0.1, 0.25 and 0.5. Figure 4b shows the result of denoising same signal, injected with noise as before, using mln, where the threshold rescaling factor was calculated from the noise estimate at each level of decomposition rather than just the first level. Figure 4a indicates zero shifting in REP for wavelet Daubechies 9 (db9), coinciding with minimum value for the RMSE of the curve for all noise levels, when the signal is denoised using the sln setting. For sln, the Universal Threshold is rescaled by multiplication with the noise estimate obtained from the wavelet detail coefficients of the first level of decomposition. When a very high level of noise (with standard deviation of 0.5) is injected into the signal the mean RMSE of the curve fluctuates with the degree of Daubechies wavelet used for denoising, but gradually trending upwards. For moderate and low levels of noise (Gaussian noise with standard deviations of 0.25 and 0.1 respectively), there is a slight upward trend in the mean RMSE of the overall curve as wavelets of increasing complexity are used for denoising. This results from higher degree wavelets being more prone to creating pseudo-Gibbs phenomena where the denoised signal overshoots and oscillates at sharp transitions.
Denoising using Daubechies Wavelets
Nevertheless, there is a minimum value for the mean RMSE, when the Daubechies 9 wavelet is used for denoising. This wavelet also produced the least shifting in the inflection point in the Daubechies family of wavelets. The RMSE of the inflection point calculated over 30 iterations is effectively zero for the noise levels tested. Of the wavelets in the Daubechies family, db9 appears to be effective for denoising a sigmoid-like feature such as the red edge position in vegetation reflectance spectra. Figure 4b indicates similar results if mln threshold rescaling is used together with the Universal Threshold rule. There is zero shifting of the REP for low and medium levels of noise (Gaussian noise with zero mean and standard deviations of 0.1 and 0.25), and a small shift for extremely high levels of noise. Figure 5 shows the result of denoising using db5, db8, db9 and db10 mother wavelets, and sln threshold rescaling of the Universal Threshold near the peak of the first derivative of the sigmoid curve used to simulate the vegetation reflectance spectra. The worst performer according to the chart in Fig. 4a is db5 , and it can be seen from the jagged line in Fig. 5 . The best result in terms of minimum shifting of REP is db9. Interestingly, neighbouring mother wavelets, db8 and db10 result in shifting of the REP. Fig. 5 . Results of denoising using db5, db8, db9 and db10 mother wavelets, sln threshold rescaling.
The results for using db5, db8, db9 and db10 with mln are shown in Fig. 6 . The chart in Fig.  4b shows similar results, in that the best performing wavelet is db9, coinciding with the minimum value in RMSE of the curve for all noise levels. Db5 is again the worst performer. Using db9 and db10 results in the REP being shifted. 6 . Results for using db5, db8, db9 and db10 with mln threshold rescaling. Figure 7a and Fig. 7b show the RMSE of the curve and the RMSE of the REP calculated for the denoising operation carried out using the Symlet family of wavelets using the sln and mln threshold rescaling options respectively. The error in the sigmoid inflection point used to simulate the red edge feature is minimized for the Symlet 8 for both sln and mln threshold rescaling. The selection of Symlet8 concurs with its use by [11] for denoising hyperspectral vegetation reflectance signal. However, in terms of minimizing the RMSE of the overall sigmoid curve, there is no obvious minimum when the sln threshold rescaling is used. The RMSE, calculated over 30 iterations, of the inflection point representing the REP is non-zero for the other wavelets in the Symlets family. iterations is again minimized when Symlet 8 is used for denoising. There seems to be a trade-off between the minimizing the error in REP and minimizing the RMSE of the overall curve. The higher values of the RMSE of the REP for Symlet 7 and 9 wavelets on either side indicate a higher likelihood that the denoised signal will have the REP displaced by several points. Figure 8 shows the derivative of noisy sigmoid denoised using Symlet 7, Symlet 8 and Symlet 9 with sln thresholding. Symlet 8 demonstrates zero shifting in the REP, while Symlet 7 and Symlet 9 show significant distortion and shifting of the inflection of the sigmoid curve used to simulate the red edge feature of the vegetation spectrum. For Symlet 7, the area near inflection point is irregular, while Symlet 9 shifts the inflection point representing the REP to the left. Similar results are obtained in Fig. 9 , using the mln threshold rescaling. Symlet 8 produces the best result in terms of minimizing the displacement of the inflection point of the sigmoid. The Symlet 7 wavelet produces an irregular distortion at the inflection point, as indicated below, while Symlet 9 shifts the position of the inflection point to the left by a few points. 
Denoising using the Symlet family of wavelets
Denoising using Coiflets
Wavelet denoising was also performed using the Coiflet family of wavelets. There are only five degrees of Coiflets. Figure 10a and Fig. 10b show the results for the Coiflets family of wavelets, using sln and mln threshold rescaling of the Universal Threshold. The results of denoising ( Fig. 10a and Fig. 10b ) using Coiflets produce distortion near the REP. According to Fig. 10a and Fig. 10b , there is a large possibility of the REP being shifted, because in most combinations of wavelet parameters the RMSE of the inflection point is nonzero, whether the sln or mln option is used to rescale the threshold. Coiflet 4 does have the minimum value for RMSE of REP in either case. Figure 11 shows the first derivative of the noisy sigmoid that has been denoised using Coiflets of degrees 3, 4 and 5, with sln threshold rescaling. The inflection point of the denoised curves is shifted by a few points. Fig. 11 . Denoising using sln threshold rescaling for Coiflets. Figure 12 shows the first derivative of the sigmoid, denoised using mln threshold rescaling, for Coiflets of degrees 3, 4 and 5. Coiflets are more likely to produce distortion in the inflection point of the sigmoid used to model the red edge of the vegetation reflectance spectrum when used with the sln threshold rescaling.
Application on real world spectrum
The selected mother wavelet was then used to denoise a reflectance spectrum of oil palm (elais guinessis) leaves, obtained using GER 1500 field spectroradiometer. The denoising was performed using the VisuShrink soft thresholding, sln threshold rescaling and five levels of decomposition. Figure 13a and Fig. 13b show the reflectance spectrum and its first derivative prior to denoising. The first derivative of the red edge spectrum has several local maxima, making the direct estimation of the REP uncertain.
(a) (b) Fig. 13 . a) The reflectance spectra of oil palm obtained using the GER 1500 spectroradiometer, and b) Its first derivative. Figure 14 shows the first derivative of the reflectance spectrum, centred on the red edge, together with plots of the spectrum denoised using Symlet 8 and Daubechies 9 mother wavelets, the best candidates for wavelet denoising according to the simulation study. The plots are offset by 0.2 for ease of comparison. The wavelet denoising has smoothed the peak of the red edge, allowing a direct evaluation of the REP. 
CONCLUSIONS
Wavelet denoising has been performed on synthetic reflectance data with varying levels of noise, in order to determine the best wavelet parameters to be used for denoising. The resulting wavelet parameters were then used to denoise on field spectrometer data, namely the reflectance from oil palm leaves.
The simulation results indicate the suitability of Daubechies wavelet of degree 9 (db9) and Symlet of degree 8 (Symlet8) for denoising sigmoid-type phenomena such as the vegetation reflectance spectrum, due to zero shifting of the inflection point of the sigmoid used to model the REP. The choice of mother wavelet can be crucial as wavelets neighbouring the best performing wavelet can cause significant shifting of the inflection point. This is especially true of the Symlet family of wavelets. In terms of RMSE over the entire curve, there is an obvious minimum when using db9 for denoising, which coincides with zero shifting of REP. This seems to point to a possible strategy for automating wavelet denoising, as two factors are minimized. Adding more noise to a noisy hyperspectral signal, denoising it with several Daubechies wavelets, then selecting the wavelet producing the least value in RMSE, and applying it to denoise the original signal may be a viable method. For Symlets family, the RMSE minimum does not coincide with the wavelet (Symlet 8) producing the least shift in the REP, so the automation strategy suggested above would not work.
When performed on the reflectance spectrum of oil palm, the method has been shown to smooth out the peak of the first derivative allowing direct evaluation of the REP by means of locating the first derivative peak. It has the additional benefit of working on asymmetrical cases of first derivative of the red edge. Future work will include investigation on the technique for disease detection in oil palm spectra and will also focus on automated denoising techniques for hyperspectral signals.
